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Kurzfassung

Kryogene Flssigwasserstofftanks sind whrend der Abkhlung am Boden erheblichen ther-
mischen und mechanischen Belastungen ausgesetzt. In frhen Designphasen ist die Ver-
wendung vollstndiger Finite-Elemente-Analysen (FEA) jedoch aufgrund des Rechenauf-
wands oft nicht praktikabel. In dieser Arbeit wird daher eine geschlossene, analytische
Lsung entwickelt und validiert, wobei zugleich die Grenzen der Anwendbarkeit klassischer
Strukturmechanik fr solche Probleme aufgezeigt werden.

Untersucht wurde ein horizontaler Zylinder aus Edelstahl 3161, mit torisphrischen Bden,
angelehnt an den Demonstrator aus dem Horizon-Europe-Projekt ALRIGH2T (Grant
Agreement ID: 101138105). Der Tank wurde als dnnwandige zylindrische Schale idealisiert,
um die Auswirkungen des Innendrucks zu erfassen, sowie als Euler-Bernoulli-Balken zur
Abbildung von Schwerkraft und vertikal geschichteten thermischen Lasten. Umfangsspan-
nungen infolge thermischer Gradienten wurden mittels zweidimensionaler Thermoelasti-
zitt berechnet. Die Analyse erfolgte ber berlagerung, unter der Annahme linear-elastischen
Materialverhaltens mit temperaturunabhngigen Eigenschaften. Das resultierende analyti-
sche Modell wurde mit detaillierten LS-DYNA-Simulationen verglichen, die Innendruck,
idealisierte Flssigstickstoff-Temperaturgradienten und Eigengewicht bercksichtigen.

Das Schalenmodell sagte die Lngs- und Umfangsspannungen infolge des Innendrucks kor-
rekt voraus. Auch das Balkenmodell erfasste die durch den vertikalen Temperaturgradi-
enten verursachten Lngsspannungen sowie die Auswirkungen der Schwerkraft realittsnah
wobei letztere sich im Vergleich zu Druck- und Thermospannungen als vernachlssigbar er-
wiesen. Das zweidimensionale thermoelastische Modell hingegen konnte die thermischen
Umfangsspannungen in dieser Konfiguration nicht zuverlssig abbilden.

Die kombinierte analytische Formulierung bestehend lediglich aus Druck-Schalenmodell
und thermischem Balkenmodell reproduzierte die Spannungsverteilung und Spitzenwerte
mit einer Genauigkeit, die fr den Vorentwurf als ausreichend angesehen werden kann. In
der Mitte des Zylinders wich die analytische von-Mises-Spannung nur um 1% vom FEA-
Ergebnis ab, whrend die Spannungen an den Schweinhten konservativ berschtzt wurden.
Diese Grenzberschtzung ist auf die vernachlssigte Elastizitt der torisphrischen Kappen
zurckzufhren, welche das analytische Modell lokal versteiften.

Insgesamt zeigt diese Untersuchung, dass klassische Schalen- und Balkentheorien eine
schnelle und hinreichend genaue Spannungsabschtzung in frhen Entwurfsphasen ermgli-
chen, whrend gleichzeitig die Bereiche identifiziert werden, in denen hochauflsende Simu-
lationen weiterhin erforderlich bleiben.
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Abstract

Cryogenic liquid-hydrogen tanks are subjected to significant thermal and mechanical loads
during ground cooldown. However, in early design phases, the use of full finite-element
analysis (FEA) is often impractical due to its computational cost. This thesis therefore
develops and validates a closed-form analytical alternative, while also delineating the
limits of applicability of classical structural mechanics to such problems.

The study utilized a horizontal 316L stainless steel cylinder with torispherical heads,
modeled after the demonstrator developed in the Horizon Europe project ALRIGH2T
(Grant Agreement ID: 101138105). The tank was idealized as a thin cylindrical shell
to capture the effects of internal pressure, and as an Euler-Bernoulli beam to represent
gravity and vertically stratified thermal loads. Circumferential thermal stresses were
evaluated using two-dimensional thermoelasticity. The response was analyzed through
superposition, under the assumptions of linear elasticity and temperature-independent
material properties. The resulting analytical model was benchmarked against detailed
LS-DYNA simulations that included internal pressure, idealized liquid-nitrogen thermal
gradients, and self-weight.

The shell model accurately predicted both longitudinal and circumferential stresses due
to pressure loading. The beam model similarly captured the longitudinal thermal stress
caused by the vertical temperature gradient and correctly estimated the effect of gravity,
although gravitational stresses were found to be negligible relative to those from pressure
and thermal effects. Conversely, the 2D thermoelasticity model proved unsuitable for
predicting circumferential thermal stress in this configuration.

The coupled analytical formulation, combining only the pressure shell and thermal beam
models, successfully reproduced the stress distribution and peak values within margins
acceptable for preliminary design. At the cylinder mid-span, the analytical von Mises
stress differed by only 1% from FEA, while conservatively overestimating stresses at the
weld seams. This boundary overprediction is attributed to the exclusion of torispherical
cap elasticity, which locally stiffened the analytical model.

Overall, this study demonstrates that classical shell and beam theory can provide fast and
sufficiently accurate stress predictions in early-stage design, while also identifying regions
where higher-fidelity simulation remains necessary.
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CHAPTER 1. INTRODUCTION

1. Introduction

Commercial aviation must reduce its climate impact, and liquid hydrogen (LH,) has
emerged as a leading candidate fuel for achieving net-zero flight. Storing LH, at cryogenic
temperatures, however, places severe thermal and mechanical demands on the tank’s wall
during ground operations such as cooldown and refuelling. A detailed understanding of
these coupled loads is essential for safe and efficient infrastructure.

This thesis examines the demonstrator vessel of the EU project ALRIGH2T, which is
developing and testing LHs refuelling procedures under real airport conditions [4]. The
Austrian Institute of Technology (AIT) contributes high-fidelity simulations and digital-
twin tools. While finite-element analysis (FEA) offers accurate predictions, it is compu-
tationally expensive when many design iterations are required. Reduced-order analytical
models, carefully validated, can bridge this gap by delivering quick estimates and physical
insight.

The work therefore pursues two main goals: (i) to derive a closed-form analytical model for
the thermo-structural response of a horizontally mounted cryogenic tank during liquid-
nitrogen cooldown, and (ii) to assess its predictive capability against detailed FEA in
order to identify the boundaries of applicability of classical structural mechanics methods
to such problems. The guiding research question is:

Can analytical models predict the spatial variation and peak stress values that
develop during the cooldown of cryogenic tanks with sufficient accuracy for
preliminary design purposes?

The study is confined to a stainless-steel 316L cylinder with torispherical heads. It as-
sumes linear-elastic, isotropic material behaviour; internal pressure; vertical temperature
stratification representative of the cooldown phase; and quasi-static loading. Dynamic
sloshing, cyclic fatigue, and in-flight temperature cycles lie outside the present scope.

The thesis is structured as follows. Chapter 2 reviews hydrogen aviation, cryogenic ves-
sel technology, and prior thermal-stress research. Chapter 3 defines the tank geometry,
material data, and idealised temperature fields. Chapter 4 develops the analytical solu-
tion for pressure, temperature, and gravity loads. Chapter 5 presents the finite-element
model used for validation. Chapter 6 compares the analytical and numerical results and
discusses the findings. Chapter 7 summarises the conclusions and outlines avenues for
future work.



CHAPTER 2. STATE OF THE ART

2. State of the art

2.1 Hydrogen in Aircraft Transportation

The transition to carbon-neutral energy systems is no longer a long term aspiration but an
immediate engineering mandate. Fossil derived hydrocarbons cannot be burned at today’s
scale without exceeding the CO, budget compatible with a stable climate, so the next
energy infrastructure must rely on resources that are effectively inexhaustible (solar, wind,
nuclear), free of greenhouse-gas emissions, and universally accessible [5]. Energy carriers
with these attributes must also be storable and deployable in every sector, specially in
aviation, whose contribution to global warming is growing faster than most others [5].

Hydrogen fulfills these systemic requirements better than any other known fuel. When
produced by splitting water with renewable electricity, it forms a closed, carbon-free
cycle of Hy <+ H,O and can be generated wherever water and power are available. Liquid
hydrogen (LH,) packs the highest gravimetric energy density of any practical fuel [6], so
in principle, an aircraft can fly farther or carry more payload without increasing take-
off mass. Moreover, the cryogenic temperature of LH, makes it an excellent coolant for
engines, power electronics, and high-temperature superconducting drives now under study
[6].

For aviation the storage medium is decisive. Among the physical options (compressed
gas, cryogenic liquid, and cryo-compressed gas) only LHy provides a volumetric density
low enough to keep tank size acceptable while avoiding the very high wall stresses that
accompany 350-700 bar compressed gas systems [7]. At 20K the density of LHy (=
71 kg m~?) is roughly five-and-a-half times that of 164-bar gaseous hydrogen at ambient
temperature, and achieving comparable densities with warm gas would drive vessel masses
and costs far beyond what aircraft can tolerate [8].

However, hydrogen’s physical properties also impose the main technical barriers. Its low
critical temperature demands vessels that combine high mechanical strength with effect-
ive thermal insulation [9]. Unlike an ideal gas, Hy becomes increasingly non-ideal above
~150bar, so volumetric efficiency rises slowly with pressure while the structural penalty
rises quickly [10]. Repeated pressure cycling stresses liners and requires rigorous certific-
ation under ISO, CGA, and ASME codes, hindering any mass advantage [10]. On top of
that, LHy has an exceptionally small enthalpy of vaporisation of 0.46 kJmol™! [9]. Con-
sequently, even small heat leaks drive boil-off. Practical tanks therefore use double-walled,
vacuum-jacketed stainless-steel or aluminium vessels wrapped with multilayer insulation
(MLI) films to cut conduction, convection, and radiation to the lowest possible levels [9].
Venting strategies or re-liquefaction loops are required to handle the inevitable boil-off
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during ground operations and extended loiter [9].

The research frontier therefore centres on the thermomechanical behaviour of lightweight,
vacuum-insulated LHs tanks under realistic mission profiles: rapid filling, climb-cruise
thermal soak, vibration, slosh, and repeated pressure-temperature cycling over decades
[11]. Material compatibility with hydrogen embrittlement, insulation durability, and in-
tegrated heat-exchanger concepts remain partially resolved [11]. A deeper understanding
of these coupled thermal and mechanical loads is essential before regulatory authorities
will certify large-scale hydrogen aircraft [11].

2.2 Basics of Cryogenic Vessels

High-performance cryogenic storage vessels are typically based on a double-walled design,
where the space between the inner and outer vessels is filled with insulation material and
evacuated to create a vacuum [1]. The key components of such vessels are illustrated
in Figure 2.1. The inner vessel, also referred to as the product container, holds the
cryogenic fluid. This is surrounded by an outer vessel, or vacuum jacket, which maintains
the vacuum necessary for the insulation to function effectively and acts as a vapor barrier.
In the case of liquid hydrogen, it prevents the ingress of air or moisture into the cold inner
container [1].

Outer-shell Quter vessel or
stiffening ring and Access / vacuum jacket
main-support ring manway / _-Diffuser

Cryogenic fluid

L

1Y —r[ T
\ & J—J -
. N W o - Fill and
/ Y ' drain line
Fo 1N Inner-vessel \\m |
Insulation in stiffening ring Inner vessel or
vacuum product container

Figure 2.1: Main components of cryogenic vessels [1]

The space between the two vessels is crucial for thermal insulation. For large-scale storage
systems, separate fill and drain lines are typically included. A vapor vent line is also
essential to release vapor generated by unavoidable heat inleak. Additionally, a mechanism
must be provided to extract the liquid from the container, which is commonly achieved
either through pressurization of the inner vessel or by using a cryogenic liquid pump [12].
When pressurization is employed, a vapor diffuser is installed in the vent line to ensure

3



CHAPTER 2. STATE OF THE ART

even distribution of the warm pressurizing gas throughout the ullage space (the vapor
space above the liquid level).

Cryogenic vessels are intentionally not filled to full capacity. This is due to the continuous
heat inleak into the product container, which causes vaporization of the liquid. Without
sufficient ullage space, internal pressure could rise rapidly. Moreover, inadequate pre-
cooling of the inner vessel during rapid filling can result in excessive boil-off. In such
cases, liquid could be expelled through the vent tube if no ullage space is provided [13].
A typical design includes approximately 10% ullage volume to mitigate these issues [14].

Cryogenic storage vessels can be fabricated in a variety of geometries, including cylindrical,
spherical, and conical shapes. Among these, cylindrical vessels with torispherical, ellipt-
ical, or hemispherical end caps are considered to be among the most economical and
structurally efficient configurations [7].

2.2.1 Inner Vessel Design

The product container must withstand the design internal pressure, the weight of the
fluid within the vessel and the thermomechanical loading due to temperature differences
[1][13]. The inner vessel must be fabricated from materials that are compatible with
the cryogenic fluid. Consequently, stainless steel, aluminum, Monel, and occasionally
copper are commonly selected for the inner shell [1]. These materials are significantly
more expensive than conventional carbon steel, prompting designers to minimize the wall
thickness of the inner vessel to control costs. Furthermore, a thick-walled vessel has
several drawbacks, it takes longer to cool down, results in greater cryogen loss during the
cooldown process, and increases the likelihood of developing thermal stresses within the
vessel wall [1].

The details of cryogenic-fluid-storage design are covered in such standards as the ASME
Boiler and Pressure Vessel Code Section VIII [15] or the ISO 20421-1:2019 [16]. Due to the
high density of the tank wall material, the required wall thickness is typically determined
in accordance with established design standards. For cylindrical shells, the ASME Boiler
and Pressure Vessel Code Section VIII provides the following formula for calculating the
minimum required wall thickness:

PR

- SE-0.6P"
where P is the internal pressure, R; is the inside radius of the shell, S is the maximum
allowable stress value and £ is a factor called joint efficiency. Values for S and & for
different materials and joints are proposed as well in the code. There also exist more
detailed formulas in different standards [7], but they usually rely on the Maximum Al-
lowable Working Pressure (MAWP), which typically ranges from 1.60 to 2.15 MPa for
cryogenic filling procedures [17].

t (2.1)

2.3 Cooling Down Procedure

The cooldown of cryogenic hydrogen tanks prior to liquid hydrogen (LH,) refuelling is
a critical operation designed to reduce thermal stresses and ensure the structural integ-
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rity of the system. This stepwise thermal conditioning process is widely practiced in the
industry and currently being standardized at the international level [18]. Specifications
for LH, fuelling and hardware interfaces, developed under the Clean Energy Partnership
(CEP) and finalized in 2022, are undergoing ISO standardization [19]. Detailed process
characteristics are also described in technical literature [17] and manufacturer proced-
ures [18].

2.3.1 Three-Step Cooling Down Procedure

The cooling down of the tank is typically performed using liquid nitrogen (LNs), which has
a boiling point of approximately 80K. It serves as an intermediate cooling agent prior to
LH, (20K), helping to reduce the risk of thermal shock and excessive material contraction.
The LN, cooling process is generally divided into three main steps [17]'.

The first step is the initial LN, filling, during which LNy is introduced into the tank at
a controlled rate of around 400 kg/h. The process continues until the LN, level reaches
approximately 50% of the tank’s internal volume. This initiates a gradual reduction of
temperature across the inner vessel walls and associated piping.

Following the initial fill, the system enters the temperature equalization phase. Once the
fill volume is reached, the system holds for approximately one hour. During this period,
LNy remains inside the tank and continues absorbing heat from the structure. This step
ensures that the internal surfaces of the tank reach a uniform cryogenic temperature close
to that of LNy. At the end of this phase, the internal pressure of the tank typically
reaches 1.6 MPa, consistent with standard operating conditions. Cryogenic tanks are also
equipped with pressure relief devices to protect against over-pressurization. These valves
are typically set to activate below the maximum allowable working pressure, which is
generally ~2.0 MPa for LHy storage systems.

Finally, in the LNy purging phase, after thermal equilibrium is established, the LN is
purged from the tank using gaseous nitrogen or controlled depressurization. This step
removes any residual liquid, ensuring the system is cold and clean in preparation for the
subsequent LH, fuelling process.

2.3.2 Temperature stratification during cooldown

Numerical and experimental studies have shown that the cooldown and refuelling pro-
cesses create a vertical temperature stratification inside the tank [2][20][21]. At the be-
ginning of the process, the incoming cryogenic liquid falls to the bottom of the tank, and
no clear liquid-gas interface is formed. When the cold liquid contacts the warmer tank
walls, rapid evaporation occurs. The resulting cold vapor rises and cools the ullage re-
gion, creating a temperature drop and forming a vertical temperature gradient, as shown
in Figure 2.2. Although the example focuses on a vertical tank, research indicates that a
similar pattern is observed in the vertical direction of horizontal tanks [22].

As more liquid collects at the bottom due to gravity, a stable liquid surface is gradually
established. The liquid level continues to rise and becomes more stable over time as

IThe procedure is standardized for the liquid nitrogen refuelling but also employed during the LNj
cooling down phase.
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filling progresses [20]. The ullage region maintains a vertical temperature stratification
throughout the process, with the lowest temperatures near the liquid surface and the
highest at the top of the tank [20].

100 s 200 s 500s 800 s

Figure 2.2: Graphic contours of phase distribution (left half of the tank) and temperature field (right
half of the tank) in LN2 tank during filling. Adopted from Ma et al [2].

Experimental observations in horizontal tanks indicate that appreciable temperature gradi-
ents occur solely in the vertical direction. With a well-designed cooling system the lon-
gitudinal gradient along the tank axis is negligible, so the temperature can be treated as
uniform over any cross-section normal to the axis [22].

2.4 Previous studies on thermomechanical stresses
on cylindrical tanks

The structural response of cryogenic storage vessels is governed by three principal load
cases: self-weight, internal pressure, and temperature-induced stresses during cooldown.
Classical elasticity already provides closed-form descriptions of each. As described in
Timoshenko’s historical review [23], self-weight bending was treated by Jacob Bernoulli
and generalised by Euler, formalised for engineering design by Navier and Saint-Venant,
and codified in the hand-calculation formulas gathered by Timoshenko [24].

The pressure problem followed a parallel trajectory. The Young-Laplace relation (1806)
revealed the 2:1 hoop-to-longitudinal stress ratio for thin tubes; Fairbairn and Hodgkinson
confirmed it experimentally, Lamé extended it to thick cylinders, and Love, Fliigge, and
Donnell embedded these results in shell theory. The work of Timoshenko and Woinowsky-
Krieger remains the canonical synthesis for modern pressure-vessel design [25].

Cooldown introduces a third, often critical, load. During initial filling with liquid nitro-
gen, forced-convection boiling on the hot inner wall creates steep, transient temperature
gradients that superpose membrane and bending stresses [26]. Because the boundary
conditions vary in space and time, analytical heat-transfer solutions are feasible only for
idealised geometries; complex tanks therefore rely on coupled numerical-analytical tech-
niques [27]. Historical reviews [28][29] state how the theoretical basis was laid by Duhamel
and Love, extended to beams and plates by Timoshenko, Biot and Boley, and adapted to
cylindrical shells by Goodier, Fliigge and Donnell. Boley’s energy methods still provide

6
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rigorous bounds for thin-walled members [30][31]. Kent’s thin-wall solution for axial and
radial gradients [32] was generalised circumferentially by Goodier [33] and compacted by
Sauer for thermally stratified pipes [34].

Regarding recent work, a fully three-dimensional description was introduced by Irfan
[35], who characterised thermal stresses in radiant tubes arising from simultaneous axial,
circumferential, and radial temperature gradients, and validated the results against finite-
element computations. Building on the two-dimensional thermo-elasticity formulations of
Timoshenko [24], Boley [30], and Hetnarski [31], Logie [36] proposed an efficient semi-
analytical procedure for thin solar-receiver tubes exposed to strongly non-axisymmetric
heat fluxes. Their approach retains the speed of closed-form expressions while capturing
the essential coupling between temperature and stress fields. To remove any geometric
idealisation, Montoya [37] developed a full three-dimensional finite-element model that
incorporates realistic mechanical boundary conditions and allows radial, circumferential,
and axial temperature variations to be analysed separately. Comparison with the classical
two-dimensional solutions confirmed the accuracy of the numerical model and highlighted
the relative influence of each temperature gradient on the peak stress distribution.

On the numerical aspect, Ma [2] conducted a comprehensive study on the chill-down
behavior of aluminum vertical tanks filled with liquid nitrogen. The investigation em-
phasized how non-uniform cooling, driven by cryogenic fluid injection, initiates thermal
deformation due to rapid temperature shifts across the tank wall. Ma identified key
factors influencing the filling process: liquid injection method, initial wall temperature,
inlet liquid temperature, and flowrate. An analytical model incorporating CFD-derived
wall temperature distributions was used to predict thermal stress evolution. Notably, the
tank wall exhibited a shrinkage pattern in both radial and longitudinal directions as the
liquid level rose, with maximum deformation localized at the top of the tank due to the
fixed boundary at the base.

Thermal stress analysis revealed that radial stress remained negligible (around 0.1 MPa)
due to minimal radial temperature and pressure gradients, indicating a predominantly
planar stress state. However, longitudinal stress dominated over circumferential stress
because the temperature was more uniform circumferentially. A notable peak-trough
behavior in longitudinal thermal stress near the liquid surface was attributed to the dif-
ferential cooling rates between submerged and unsubmerged wall sections. As seen in
Figure 2.3 upon submersion, the wall experienced a transition from tensile to compress-
ive stress, correlating closely with the rise of the liquid level; an insight supported by
comparisons with CFD simulations [2].

Complementing Ma’s findings, Xia [22] explored the chill-down of a 60 m* horizontal
storage tank using both experimental and numerical approaches. A finite element model
was developed, with assumptions including adiabatic outer boundaries and neglecting
the insulation layer, justified by its minimal thermal role during rapid chill-down. The
simulation onset corresponded with the first appearance of liquid at the tank’s bottom,
where liquid nitrogen gradually accumulated due to gravity-dominated flow behavior. Xia
observed that, in horizontal tanks, circumferential stress prevailed below the liquid level
once a stable stratified layer formed. Additionally, thermal stress distribution was found
to correlate directly with the temperature gradient and structural constraints, especially
at fixed boundaries where local stress concentrations could develop.

7
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Compressed liquid surface
y
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z

Figure 2.3: The deformation and stress state of the tank’s wall near the liquid surface. Adapted from
Zhu et al [3].

Both studies converge on the critical role of temperature gradients and boundary con-
straints in dictating thermal stress patterns. While Ma [2] highlights the vertical tank’s
susceptibility to longitudinal stresses due to uneven chill-down above and below the liquid
line, Xia [22] shows that in horizontal tanks, stress localization is driven by circumferen-
tial constraints and bottom-layer accumulation. The studies reinforce the importance of
filling method design and thermal management to minimize stress-induced failure risks in
cryogenic tanks.

2.5 Solid Mechanics

2.5.1 Coordinate Systems

Two right-handed reference frames are employed throughout this thesis. The adopted
frame is stated at the start of every model.

Cartesian frame.

Figure 2.4(a) shows the global Cartesian (z,y, z) frame. The z-axis coincides with the
longitudinal centre-line of the tank; the cross-sectional plane is therefore the x-y plane.
The vertical axis y is taken positive upward (opposite to gravity) and the horizontal axis
x completes the right-handed triad.

Cylindrical frame

The cylindrical (¢, r,2) frame, shown in Fig. 2.4(b), shares the longitudinal coordinate
z. The radial coordinate r is measured inwards from the z-axis, and the azimuthal co-
ordinate ¢ (positive counter-clockwise when viewed from the positive z side) specifies the
circumferential position. Using both frames allows stresses and boundary conditions to
be expressed in the most convenient form for each loading scenario.
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Figure 2.4: Coordinate systems adopted in this work: (a) Cartesian (z,y, z) frame with z along the tank
axis, (b) cylindrical (o, 7, z) frame sharing the same z axis.

2.5.2 Stress representation

Cauchy stress tensor

At every material point the state of stress is completely described by the second-order
Cauchy stress tensor. In cartesian coordinates, the components are given by

Ozz Toy Tzz
0= |Tys Oyy Ty:| - (2.2)

Tzx Tzy Ozz

For thin cylindrical shells the natural basis is {e,,e,,e,}, and the components of the
stress tensor are
Opp Tor Toz
o= T On Tpf. (2.3)

Tzp  Tar Ozz

The normal components have the conventional names o,, (radial), o, (hoop or circum-
ferential), and o, (axial or longitudinal).

Principal Stresses

It is always possible to find a set of axes (1, 2, 3) along which the shear stress components
vanish. In this case, the normal stresses, o1, 09, and o3, are called principal stresses, and
the 1, 2, and 3 axes are the principal stress azes [38]. The magnitudes of the principal
stresses, 0,, are the three roots of

oy — Lo, — L0, — I5 =0, (2.4)

where
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Il = Ogz + Oyy + 0.2,

2 2 2
I, = Tzt Tow + Toy = OyyOzz — 022020 — OuzOyy, (2.5)
2 2 2
I3 = 0400yy0 22 + 27Ty Toa Tay — OueTyy = OyyTaw — OzzToy-
The first invariant, I; = —3p, where p is the pressure. [y, I, and I3 are independent of

the orientation of the axes and are therefore called stress invariants [38]. In terms of the
principal stresses, the invariants are

[1:0'1+0'2+0'3,
IQ = —0903 — 0301 — 0109, (26)

]3 — 0109203.

Von Mises (Distortion-Energy) Yield Criterion for Isotropic Ductile Metals

In uniaxial tension tests macroscopic plastic flow begins when the applied normal stress
reaches the uniaxial yield value oy. For more complex loading the onset of yielding is
correlated with an invariant measure of the stress state rather than with any single stress
component [39]. Von Mises (1913) observed that pure hydrostatic pressure, which merely
changes volume, does not provoke yielding in a continuous ductile solid, whereas shape-
changing (deviatoric) stresses do. Consequently the yield condition must depend only on
the stress deviator and must be independent of the orientation of the axes, i.e. it must
be formulated in terms of tensor invariants. He proposed that yielding occurs when the
second invariant of the stress deviator, J,, reaches a critical value k2

JQZI{?Q, JQ = é[(O‘l—Ug)Q—F(O’Q—03)2+(03—01)2 . (27)
Calibrating the constant k with the uniaxial tension test, where o; = 0 and 05 = 03 = 0,
gives

00 = V3k. (2.8)

Substitution yields the classical von Mises (or distortion-energy) criterion expressed in
principal stresses,

1 1/2
ovM — ﬁ (O'l —02)2+(0'2—03)2+<0'3—01)2] 3 (29)
and, in Cartesian components,
_ i 2 2 N2 2 2 212
ovym = 7 (00 —0y)* +(0y—0.) + (0. —0u)? +6 (12, + 7. +72.) | - (2.10)

Because the criterion depends only on stress differences, the hydrostatic component is
absent, rendering the relation invariant under pressure and fully compatible with the
empirical fact that metals do not yield under uniform compression alone [39]. The squared-
difference form also eliminates any dependence on the sign of individual stresses, making
the relation convenient when the ordering of principal stresses is unknown.

Hencky (1924) later showed that this formulation is equivalent to requiring the specific
distortion (shear) energy to reach a critical value, thereby giving the criterion a clear

10
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physical interpretation: yielding begins when the energy associated with change of shape,
as distinct from change of volume, attains the value measured in a uniaxial test [39].
Owing to its coordinate invariance, insensitivity to hydrostatic stress and excellent cor-
relation with multiaxial experimental data, the von Mises criterion is widely accepted for
predicting the onset of plastic flow in isotropic, ductile metals such as structural steels
[39].

2.5.3 Constitutive Relations for Solids with Thermal Loading

Constitutive equations in solid mechanics maintain the same fundamental form regardless
of the coordinate system used, including Cartesian and cylindrical coordinates [40]. This
invariance arises from the principle of coordinate frame indifference, which requires that
material response laws remain unchanged under coordinate transformations. While tensor
components (e.g., stress or strain) must be expressed in the basis vectors of the chosen
coordinate system, the underlying physical relationships between these quantities retain
identical structure [40].

Three dimensional body

In three dimensions, the generalized Hooke’s law for a linearly elastic, isotropic material
relates the stress and strain tensors through a constitutive matrix. Using matrix (Voigt)
notation, the stress vector o and the strain vector € are expressed as 6 x 1 column vectors

O-xx €$x
Oyy Eyy
o= |7, e=|]. (2.11)
Oyz Vyz
O-.TZ fnyZ
[ Oy | | Vay

The linear constitutive relation is then written as

o=Ce, (2.12)

where C is the 6 x 6 stiffness matrix for isotropic materials, defined as

1 — v v v 0 0 0 ]
v 1—v v 0 0 0
FE v v 1—-v 0 0 0
€= (I+v)(1—2v) | O 0 0 == 0 0 (2.13)
0 0 0 0 =2 0
| 0 0 0 0 0 1_22”_

When thermal effects are included, the temperature change AT introduces an additional
strain field due to uniform thermal expansion. The generalized Hooke’s law then becomes

o=C(e—e") , (2.14)

with the thermal strain vector defined as

11
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et = aAT (2.15)

S OO = ==

Shell model

The shell model is based on the assumption that the thickness is much smaller than the
in-plane dimensions, and the structure behaves primarily in a two-dimensional manner.
Normals to the mid-surface are assumed to remain straight and perpendicular after de-
formation (Kirchhoff-Love hypothesis), and the through-thickness stress component o,
is negligible (plane stress condition) [25]. Under these assumptions, the in-plane stress
vector is reduced to three components:

Oz €2z
shell shell
o = oy |, €7 = |ey| (2.16)
O zy Vzy

and the constitutive relation becomes

oshell _ (yshell ( gshell _ 8th) : (2.17)

with the plane stress elasticity matrix defined as

v 0
E 1 0 cth aAT

1,2 ’ 1
11/001,,, lyo

1 1
Cshell — v

(2.18)

2
For thin shells, the internal resultants are obtained by integrating the stress components
through the thickness. Membrane forces per unit length are obtained by multiplying the
stress vector by the thickness h, while bending moments involve curvature terms and a
factor of h3, leading to similar matrix structures with scaled coefficients.

Beam model

The beam model assumes that the cross-sectional dimensions are much smaller than the
length and that the structure primarily resists loads through axial and bending beha-
vior. Plane sections remain planar and perpendicular to the neutral axis (Euler-Bernoulli
hypothesis), and transverse shear strain is assumed to be zero [40]. The stress state is
dominated by the axial stress .., which varies linearly along the height of the beam. The
axial strain as a function of position y from the neutral axis is given by

e:(y) = €0 — Yk , (2.19)

where ¢, is the axial strain of the neutral axis, and k is the curvature. The axial stress
becomes

12
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0..(y) = E (g0 — yx — aAT) . (2.20)

Integrating the stress over the cross-section gives the normal force N and bending moment
M, and assuming that the AT is constant over the thickness, the constitutive relation in

matrix form becomes
L\]ﬂ - {EOA Lgl] (m - {O%TD (2.21)

where A is the cross-sectional area and I is the second moment of area. This relation
expresses the beam’s response to combined mechanical and thermal loading within the
assumptions of linear elasticity and one-dimensional behavior.

13
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3. Model Setup

The computer-aided design (CAD) model of the tank is based on a cryogenic pressure ves-
sel developed by the Salzburger Aluminium Group (SAG). All non-structural components
have been removed, preserving only the primary load-bearing elements: the cylindrical
shell and the torispherical heads. This configuration is hereafter referred to as the Com-
plete Geometry and will be used for finite element analysis, serving as a reference for
evaluating the accuracy of the analytical models.

For analytical purposes, a simplified version of the CAD model -referred to as the Sim-
plified Geometry- is introduced, in which the torispherical heads are omitted. This sim-
plification is done to reduce the complexity of the closed-form analytical solutions.

For each load case, an analytical model is formulated based on the Simplified Geometry.
The associated assumptions, loading conditions, and boundary conditions are detailed in
Section 4.

14



CHAPTER 3. MODEL SETUP

3.1 Complete and Simplified Geometries

The Complete Geometry consists of a cylindrical circular hollow shell section welded at
both ends to torispherical caps by external welds. The geometrical parameters of the tank
are summarized in Table 3.1 and the parameters of the torispherical caps are illustrated
in Figure 3.1. The tank’s left end cap is welded to a fixed bearing that constraints any
displacement and rotation. The right end cap allows movement in the longitudinal axis z
and rotation in the x axis, accounting for the possible contraction of the tank during the
cooldown, but constraints the rest of displacements and rotations. There are no further
supports nor stiffening rings along the axial direction, so far away from the end caps, the
tank is allowed to displace freely in the radial direction.

Table 3.1: Geometrical parameters of the cylindrical shell and torispherical end-caps.

Cylindrical section

Property Symbol Value Unit

Length of cylindrical section L 2.000 m

Outer radius of tank R, 0.330 m

Inner radius of tank R; 0.325 m

Wall thickness h 0.005 m

Torispherical caps

Dished height DH 0.170 m

Straight flange height SF 0.015 m

Knuckle radius KR 0.518 m

Crown radius CR 0.010 m

Outer diameter of end-cap D, 0.660 m

Wall thickness h 0.005 m

T h
DH CR y

A ?
SF | ! |
b . |

Figure 3.1: Geometrical parameters of torispherical end cap.
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A comparison between the Complete Geometry and the Simplified Geometry is presented
in Figure 3.2. Both geometries share identical overall dimensions, including length, radius,
and wall thickness.

In the Simplified Geometry, the torispherical heads are omitted. Their structural effect
is accounted for differently depending on the analytical model. In the pressure analysis,
they are replaced by boundary conditions applied at the weld seam. For the gravity and
thermal load cases, the cylindrical section is extended to preserve the overall span between
the supported ends, as illustrated by the gray area in Figure 3.2b.

By comparing the numerical results with the analytical results, it is possible to evaluate
the influence of including or excluding the torispherical caps on the thermomechanical
response.

h L SF+DH [~=—
. .
.DO
N S

F h L SF+DH|==—
1

D,

(b)

Figure 3.2: Section-view drawing of a) Complete Geometry b) Simplified Geometry. The gray area in
the Simplified Geometry will be added or removed depending on the effect being analyzed.

16



CHAPTER 3. MODEL SETUP

3.2 Material Properties

The material selected for the tank is stainless steel 316L (EN 1.4404). While its mechanical
and thermal properties are known to vary with temperature, for the purpose of comparing
the numerical and analytical models, the material properties remain constant. The ad-
opted values represent average properties obtained from the publicly available cryogenic
materials database of the National Institue of Standards and Technology (NIST) [41].
Liquid nitrogen is used as the filling fluid. Other parameters employed in the calculations
are taken from the standard cooling down-procedure (See Section 2.3) and summarized

in Table 3.2.

Table 3.2: Material, fluid, and operating parameters used in the analytical model.

Material properties (SS 316L)

Property Symbol Value Unit
Young’s modulus E 2.00 x 10'*  Pa
Linear thermal-expansion coefficient « 1.00 x 107° K1
Density of steel Psteel 8.00 x 10> kgm™
Poisson’s ratio v 3.00 x 1071 —

Fluid properties

Gas temperature Toir 3.00 x 10° K
Reference temperature (room) Trer 3.00 x 10> K
Liquid nitrogen temperature TiNo 8.00 x 10! K
Liquid nitrogen density pne 8.00 x 102 kgm™3
Height of free surface Hy, 3.30 x 107! m
Other parameters
Gravitational acceleration g 9.81 ms2
Maximum internal pressure Pox 2.00 x 10 Pa

Tank-wall temperature® T — —

# Temperature distributions are provided in Section 3.3.

Since the density of gas nitrogen is really low in comparison with the density of the liquid
nitrogen, the fluid area will be defined in terms of the liquid height H. In this case, the
area is defined by the circular segment

- H
Afuia = R?, - arccos (RmT) — (R — H) - /(2R H — H?) , (3.1)

where R, is the mean radius of the tank. The area of the solid section is defined by the
area of the annular cross section, with h being the wall thickness of the tank

Agotia = 7 (R + h)* = (R — h)?) . (3.2)
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3.3 Temperature Distribution

3.3.1 Temperature Distribution A

The main scenario, titled Temperature Distribution A, is depicted in Figure 3.3 and
corresponds to an idealized, abrupt stratification in which one half of the tank is subjected
to a cold temperature and the other half to a warm temperature. This scenario imposes a
highly demanding thermal gradient, serving as a conservative approximation of the actual
thermal stratification that occurs during operation.

It should be remarked that, while in reality temperature must vary continuously through-
out the tank, this discontinuous temperature distribution represents a highly idealized
and maybe even non-physical case. Indeed, such a discontinuity implies a derivative that
is not defined in the classical sense —the heat flux being infinite at the interface and zero
elsewhere— highlighting the theoretical nature of this approximation. In practice, the
thermal loading is expected to be less severe, with a more gradual temperature increase
from the cold bottom to the warm top of the tank. Nevertheless, this idealized case enables
the evaluation of the maximum stresses predicted by both the analytical and numerical
models. If the analytical model proves capable of accurately capturing the stresses under
such aggressive thermal conditions, it can be considered a reliable and conservative tool
for preliminary design.

T(y) _ {TLH27 for Yy < Hfs , (33)

Tgas, fory > Hg

where Hy is the height of the free-surface, taken as R,,.
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Figure 3.3: Temperature distribution A: Abrupt temperature change in the middle of the tank.
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3.3.2 Temperature Distribution B

A second scenario, named Temperature Distribution B, is considered as well only for the
analysis of circumferential (hoop) stresses. This distribution assumes a linear increase
in temperature along the vertical direction, starting from a cold temperature at the bot-
tom —corresponding to liquid nitrogen— and reaching room temperature at the top of
the tank, as illustrated in Figure 3.4. This gradient provides a conservative approxim-
ation of the temperature distribution at the beginning of the cooldown procedure. The
temperature profile is defined as

Y
2R,

300
300 -
280
200 - 260
100 -
140
120
100
1 1 1 1 1 1 80

1
-300 -200 -100 0 100 200 300
X [mm]

T(y) = Tine + (Tgas - TLNQ) (34)

y [mm]
o
I
T(K)

-100 -

-200 -

-300 -

Figure 3.4: Temperature Distribution B: Linear increasing temperature distribution.

Because the vessel is mounted horizontally and the manufacturers filling system delivers
the fluid uniformly, temperature variations are expected to depend solely on the vertical
coordinate. Moreover, the wall thickness is sufficiently small such that, in agreement with
previous experimental evidence (See Sections 2.3 and 2.4), radial gradients can be neg-
lected and the temperature distributions may be treated as uniform across the thickness.

19



CHAPTER 4. ANALYTICAL MODEL

4. Analytical model

During the cooldown process three primary loading effects must be considered: internal
pressure, effect of temperature gradient and effect of gravity (or self-weight). Assuming
that the tank material is homogeneous, isotropic, and remains within the linear-elastic
regime, these load cases can be analyzed independently, and their resulting stress states
can be superimposed to obtain the total stress distribution.

Each effect is examined in detail in the following subsections and compared with the res-
ults of finite element analyses (FEA). While numerical models allow for greater detail and
accuracy, they require access to licensed FEA software, CAD modeling for geometry cre-
ation, mesh generation, and computational resources for simulation. This process can be
time-consuming and may not always be feasible due to resource constraints. In contrast,
analytical methods offer a fast and cost-effective way to obtain an initial picture about the
roles of the problem parameters and even quantitative predictions of the representative
stress values in the tank. These methods are particularly useful during early design stages
or when evaluating multiple design alternatives.

To quantify the individual contributions of each load case, the tank is idealized using
simplified mechanical models that capture the dominant behavior. These models are
summarized in Figure 4.1. The response to internal pressure is evaluated by modeling
the tank as a thin cylindrical shell loaded by internal pressure. The thermal effect on
the longitudinal stress is assessed by representing the tank as an Euler-Bernoulli beam
subjected to a vertical temperature gradient across the cross-section, setting a low tem-
perature at the bottom and high temperature at the top. The circumferential stress is
derived from shell theory only in the cross-section plane. The gravitational effect uses the
same beam model as the thermal effect on the longitudinal stress, but this time subjected
to a uniformly distributed load.

For simplicity and consistency with literature, stresses due to gravity and thermal gradi-
ent are initially computed in a Cartesian coordinate system, while those due to internal
pressure are calculated in a cylindrical coordinate system. All significant stress compon-
ents are then transformed into a common basis and combined in tensorial form. Finally,
the von Mises equivalent stress of the combined state is computed to allow for comparison
against material strength criteria.
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Figure 4.1: Sketches of the analytical models. a) Complete tank geometry. b) Effect of internal pressure
(Model for both longitudinal and circumferential stress). c¢) Effect of temperature (Longitudinal stress).
c) Effect of temperature (Circumferential stress). e) Effect of gravity.
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4.1 Effect of Internal Pressure

We can consider the tank as a cylindrical container of radius R subjected to a distributed
force b, due to internal excess pressure P. A conservative approximation would be to
remove the torispherical heads and replace them by rigid end plates. Using the Kirchhoff
model, constitutive equations for the shear forces are replaced by Kirchhoff constraints
[42].  With the relationship 6, = —du,/dz and assuming rotational symmetry, where
derivatives with respect ¢ vanish, and u, = 0, the non zero constitutive equations for the
stress resultants simplify [42] to

hE du, 1 1 d?u,
N, = — —v—=u, D———— | 4.1
1—y2(dz VRU>+ R d2? (4.1)
tE du, 1
N, = S T pUr 4.2
I 7 (V dz R ) (4.2)
du, 1 du,
Mzz = - ey ) 4.3
( dz? R dz ) (4:3)
o,  u,
My = (VE - ﬁ) (4.4)
The relevant equilibrium equations simplify to
dN
zZz — 0
dz ’
dQ 1
A = 4.5
T+ ENee +0, =0, (4.5)
dM.
zz _ ; — 0
dZ Q Y
and after elimination of the shear force (using the moment equation)

AN, M. 1

dz = 0 and W + EN(‘D(‘D + b?" = O (46)

The constitutive equations for N,, and M., can be expressed in terms of u, by using the
equilibrium and constitutive equations for V.,

tE du, 1 1 d*u,
sz = m (E — VEUT) + DEW = N = const s (47)
du 1 1—1? 1 d?u
Z —v—u, N —-D— ") 4.
& 'R TE < e > (4:8)
Hence after elimination of dd%z and with the shorthand notation ¢ = }%
hE du 1 hE 1 d?u
N,, = — )| = ——u, N —-D— " 4.
o 1—V2(de Ru> RU+V( Rdzz)’ (4.9)

d’u, 1 du, a?\ d?u, 11—21? 1
M..=—D 1) pll1-% Y N fu—u !, (@10
(dz2 +Rdz) K 12) 2 "R LE +”R2“] (4.10)
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M, 1
dz? R

N
ur+v—+b, =0. (4.11)

a®\ d*u, £d2ur _hE
R? R

N bp=—D|(1—— ) —

et K 12) @ TR A
Assuming that the end plates are rigid so that the displacement and rotation vanish
at ends of the cylindrical container and a®> < 1, the boundary value problem for the
transverse displacement (positive inwards) takes the form

R

The fourth order differential equation can further be simplified by omitting the second
derivative term as negligible compared to the fourth order derivative term [42]. Given the
cylindrical geometry, N is defined as

d*u, 2 d*u, hE 1/ N _
dz4 +Vﬁ dz2 +D—R2UT—5 (V——f—br) :O 1m (O,L) (412)

PrR? PR
N = = 4.1
2R 2 (4.13)

Taking b, = —P, introducing the definition of N, neglecting the second derivative term
and reorganizing, the boundary value problem takes the form

d*u, hE v .
D=+, = P (5 - 1) in (0, L), (4.14)
du,
Uy = dl,tz =0 on {0,L}. (4.15)

Solving the equation with the respective boundary conditions provides the radial displace-
ment and thereby the forces. Then, uniform membrane stresses are defined by

N<P<P . sz

O-(P(Pmembrane = h ? Uzzmembrane - h °

(4.16)

If we introduce a through-thickness coordinate ¢ € [—h/2, h/2] (positive outwards), nor-
mal bending stresses vary linearly with

12 M 12 M,
O"P‘P(C> - O"pﬂomcmbranc - h3 cpSDC? O-ZZ(C) = O-Zchmbranc - h3 C (417)

To fulfill the stress state, the shear stress is defined by

_ @

. (4.18)

TZT
For this load case, the kinematic quantity of interest is the radial displacement wu,., which
will be directly compared against the finite element analysis (FEA) results. This quantity
is fundamental, as many other mechanical responses are derived from its accurate predic-
tion. In terms of stress components, the comparison will focus on the axial stress o,,, the
circumferential (hoop) stress o,,, and the shear stress 7,,, since together they capture
both membrane and bending stress effects.
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4.2 Effect of Temperature Gradient

4.2.1 Longitudinal Stress

The global bending response of the vessel is idealised by modelling the tank as an Euler-
Bernoulli beam with annular cross-section. That is, every cross-section initially normal to
the neutral axis remains plane and normal after deformation [43]. Because the torispher-
ical heads possess a rapidly varying second moment of area that would make the beam
model rather complex, each head is replaced by a fictitious cylindrical continuation. The
effective beam length therefore becomes

Lyeam = L+2(SF + DH),

and boundary conditions are imposed at the new ends z = —(SF + DH) and z =
L + (SF + DH). The specific support conditions are discussed in Section 6.2. Using
Euler-Bernoulli beam theory, as discussed already in Section 2.5.3, the total longitudinal
strain varies linearly with the depth coordinate v,

el (y) = 0 — Ky, (4.19)

where £y denotes the mid-plane (centroidal axis) strain, and x is the curvature of the
beam’s neutral axis. A non-uniform temperature distribution through the beam’s thick-
ness induces an additional (thermal) strain given by

ef'(y) = a AT (y), (4.20)

z

where « is the coefficient of linear thermal expansion, and AT (y) = Tyt — T'(y) is the
temperature difference from a stress-free reference temperature 1.

The mechanical (elastic) strain is obtained by subtracting the thermal strain from the
total strain: .
e (y) = g0 — ky — a AT(y), (4.21)

z

which, through Hooke’s law, yields the corresponding axial (normal) stress:
0:(y) = BeS™(y) = Eleo — ky — a AT (y)], (4.22)

where F is Young’s modulus. It is important to emphasize that the stress distribution is
strongly influenced by the temperature profile and, consequently, by the resulting tem-
perature difference AT(y). As discussed in Section 3.3, temperature profile A introduces
a discontinuity (jump) at the mid-height of the cross-section. This abrupt change in
temperature leads to a corresponding discontinuity in the thermal strain field. Since the
beam’s mechanical response must satisfy both compatibility (Euler-Bernoulli kinematics)
and equilibrium, the mismatch between the imposed thermal strains and the linear strain
field assumed by beam theory results in a discontinuity in the axial stress distribution at
the same location. In essence, the stress field must accommodate this incompatibility.
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The specific values of the axial stress distribution depend on the beam’s boundary condi-
tions. For a simply supported-simply supported (SS-SS) beam, there are no constraints
preventing longitudinal expansion or rotation. Therefore, the axial force N and bending
moment M must vanish over the cross-section €2 due to equilibrium:

N = / 0,dA =0, (4.23a)
Q

M = / o, ydA = 0. (4.23b)
0

Substituting Eq. (4.22) into Eq. (4.23a) yields:

N:0:50/dA—/i55/ydA—oz/AT(y)dA,
Q Q Q

where the subscript gg highlights that the expression pertains to the simply supported
configuration. If the y-axis is aligned with the centroid of the cross-section, then

/ ydA =0, / dA = A, (4.24)
Q Q

and the mid-plane strain becomes:

ey = % / AT(y) dA. (4.25)

Similarly, substituting Eq. (4.22) into Eq. (4.23b) gives:

M:O:a]/ydA—/ﬁsg/y2dA—a/AT(y)ydA.
Q Q Q

Using Eq. (4.24) and defining the second moment of area as I = [, y*dA, the curvature
of the simply supported beam is found to be

«

hss = =7 / AT (y)ydA = ko, (4.26)
Q

where we will denote kg the curvature that the beam would adopt in a free (unconstrained)
thermal deformation.

In contrast, consider a clamped-simply supported (C-SS) beam. In this case, the beam
is restrained against rotation and vertical displacement at one end, and only vertical
displacement at the other. The configuration introduces an internal moment reaction at
the clamped end, making the problem statically indeterminate (three unknown reactions
and only two equilibrium equations). To solve this, we can conceptually replace the simply
supported end with a vertical reaction force R. The bending moment along the beam is
then expressed as
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M(z) = R(L — 2) = Elk(z) = EI (w"(2) — ko) , (4.27)

where w(z) is the transverse displacement of the neutral axis and w”(z) its second deriv-
ative. Solving for the second derivative

W'(z) = — (%) 2+ (%) | (4.28)

Integrating twice and applying the clamped boundary conditions w(0) = w’(0) = 0, we
obtain the displacement w(z). Enforcing the condition w(L) = 0, which reflects the
vertical constraint at the simply supported end, allows us to determine the reaction force
R, and hence w”(z) and r(z).

Once the curvature x(z) is known, the axial stress distribution for the C-SS beam follows
from Eq. (4.21). Notably, the mid-plane strain €y remains the same as in the SS-SS case,
since neither configuration imposes longitudinal displacement constraints. This completes
the derivation of the axial stress under combined thermal loading and structural boundary
conditions.

For this model, the kinematic quantity of interest is the vertical displacement w,, which
will be directly compared against the finite element analysis (FEA) results. This quantity
is fundamental, as the beam model depends on its correct prediction. In terms of stress
components, the comparison will focus on the axial stress o...

4.2.2 Circumferential Stress

We have defined the temperature to be non-axisymmetrical and depend solely in the
circumferential coordinate. To estimate the stresses, the framework developed by Logie
and Coventry [36] is reproduced here. This framework assumes a cylindrical body far
away from boundary constraints with the temperature having the following equation

T, = Z (Apr™ + Bur™) cosng + (Cor™ + Dyr™") sinne. (4.29)

n=1
Given the harmonic steady-state condition, the effort required in minimising the sum
(integral) of the squares of the differences over the entire cross sectional area of the tube
can be reduced by seeking Fourier series of Equation (4.29) only at r = R; and r = R,[30]

o
T, =T, —l—ZB,’lcosngo—i-D;sinmp ,
=1
" (4.30)
T,=T,+ Z B} cosng + D! sin ne.
n=1
Boley and Weiner [30] proved that only terms of a plane harmonic temperature distri-
bution for which n = 0 and n = 1 contribute to the stress components. To obtain the
parameters, the temperature distributions from Section 3.3 are expanded using fourier
series representation, and then the components corresponding to n = 0 and n = 1 are
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applied. With this result, the circumferential stress resulting from the condition of non-
axisymmetrical heating is given by

5 R, R R\ R
R P | In 2
T { N T R-R ( i > Ri]

aF < R?+ R2 RIR? (4:31)
3 — (] o M o) 7

+K.

72(1 —v) 2 4

r T

where K is used to describe the various axisymmetrical and nonaxisymmetrical geomet-
rical temperature contributions. The contribution of n = 0 to stress from the average
surface temperature difference is

N~

Ti - o
In oA
and the contribution of n = 1 comes from
rR;R, B'R, — B'R; D'R,— D'R;\ .
0= T {( 1R2+R; )cosgp—|—< 1R2+R_21 )smgo}. (4.33)

Since this model is already formulated in the plane, there are no relevant kinematic
quantities to analyze. Therefore, the comparison with the numerical (FEA) model focuses
exclusively on the circumferential stress component o,,.
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4.3 Effect of Gravity

To assess the stresses generated by self-weight and by the weight of the cryogen (liquid
nitrogen during initial cooldown), the same beam idealisation introduced for the thermal
case is retained. The beam is now subjected to a uniform distributed load p, as sketched
in Figure 4.1e. This load combines the weight of the fluid and the weight of the metallic
shell

P = Puid 9 Afuid T Psteel § Asolid (4.34)

where g is the acceleration of gravity, pauq and Agyiq are the fluid density and the internal
cross-sectional area, and pgieel and Agoiq are the steel density and the shells solid cross-
sectional area.

For this model, the cartesian coordinate system will be used. The centroidal axis of the
beam coincides with the z-axis, y is taken positive upward in the cross-sectional plane
and x points in-plane. If we use the Euler-Bernoulli kinematic assumption that plane
cross-sections remain plane and normal to the deformed beam axis, the curvature in the
z—1y plane is proportional to the bending moment about the x-axis [40]

d>v My(2)
- = 4.
dz? EI,° (4.35)
where v(z) is the transverse deflection and
I = H Y dA (4.36)
Q

is the second moment of area of the cross-section ) about the neutral x-axis. Because the
distributed load p(z) is assumed to remain constant over an infinitesimal segment dz (a
standard assumption in first-order beam theory), vertical force and moment equilibrium
give

D)y, Dy (437)

with V,,(2) the internal shear force (positive upward) and M (z) the bending moment about
the z-axis. Eliminating Vj(z) from (4.37) yields the load-moment relation

L) _ (o). (4.38)

Substituting (4.38) into the curvature expression (4.35) produces the Euler-Bernoulli beam
equation for transverse deflection:

d? d*v
— | El,— | = . 4.39
() =) (4.30)

Integrating (4.39) four times and applying the appropriate boundary conditions provides
v(z), the slope 0(z) = dv/dz, the bending moment M (z) and the shear force V (2).

The normal (bending) stress distribution across any section
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0z<y) T — (440)

follows directly from elementary flexure theory, showing a linear variation with the dis-
tance y from the neutral axis. Finally, the shear stress is defined by

Toy(Y) = V‘f). (4.41)

where A is the cross-sectional area of the beam. The constant shear stress expression above
is often replaced by a more refined formulation derived from two-dimensional elasticity
theory. For a detailed derivation, the reader is referred to standard texts in mechanics
of materials, such as Hibbeler’s textbook [44]. Under the same transverse shear force V,,,
the shear stress distribution across the height y of the cross-section follows a parabolic
profile. It vanishes at the outer surfaces (i.e., at y = +R) and reaches a maximum at the
neutral axis.

Similar to the thermal longitudinal stress case discussed previously, the kinematic quantity
of interest in this model is the vertical displacement wu,, which will be directly compared
against the finite element analysis (FEA) results to validate the beam theory assumptions.
This displacement is fundamental, as the accuracy of the beam model relies on its correct
prediction. Regarding stress components, the comparison focuses on the axial stress o...
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5. Finite-Element Analysis (FEA)

All FE simulations were performed in the commercial finite element software LS-DYNA.
The dimensional data correspond to the geometry described in Section 3.1 and the ma-
terial properties are provided in Section 3.2. Model-specific parameters are presented in
the following subsections, organized according to the model to which they apply.

5.1 Solver

The filling process is relatively slow compared to the characteristic timescales of the pro-
cesses governing thermomechanical equilibrium. As a result, the system can be reasonably
approximated as quasi-static or steady-state, allowing all time derivatives to be neglected.
This simplification leads to a system of linear equations, which can be efficiently solved
using direct matrix methods.

5.2 Element formulation

When analyzing thin-walled structures such as cylinders in finite element analysis (FEA),
the use of shell elements is strongly justified over solid elements due to both computational
efficiency and the ability to accurately capture the structural behavior [45]. Shell elements
are specifically formulated to model thin structures, where the thickness is much smaller
than the other dimensions, and are mathematically two-dimensional but spatially three-
dimensional, making them ideal for representing thin cylinders [46].

Solid elements, while theoretically more precise, require a very fine mesh with multiple
elements through the thickness to accurately capture bending behavior. This dramatically
increases the computational resources required, often making the analysis impractical for
larger models or complex load cases [45]. In contrast, shell elements can simulate the
bending and membrane behavior of thin-walled bodies with far fewer elements, resulting
in significant savings in computational time and memory, while still providing reliable
stress and displacement results for thin structures.

For this reason, geometries were meshed with fully-integrated shell elements (ELFORM = 16).
This formulation offers superior accuracy, hourglass control and numerical robustness com-
pared with the default Belytschko-Tsay element (ELFORM = 2) at the expense of additional
computational cost [47]. The shell thickness was set to h = 5 mm.
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5.3 Mesh

The mesh was constructed with quadrilateral elements with an in-plane edge length of
5 mm. A symmetry plane was used to reduce the mesh size, as shown in Figure 5.1. The
mesh was created in the software Altair Hypermesh and exported to the solver LS-DYNA.

Figure 5.1: Selected symmetry plane in order to reduce mesh size.

5.4 Boundary conditions

The boundary conditions applied to the geometry are depicted in Figure 5.2a. The left
torispherical cap is welded to a bearing within the highlighted region. This interface is
modeled as a fully fixed boundary condition, constraining all translational and rotational
degrees of freedom. On the right end, a single node located at the center of the tori-
spherical cap (see Figure 5.2b) is constrained only in the vertical direction, while all other
degrees of freedom remain unrestrained.

Due to confidentiality constraints, the exact configuration of the right cap fixation mech-
anism cannot be disclosed. In practice, the support is not entirely rigid but permits
minimal vertical displacement. Nevertheless, the idealized fixed condition employed in
the model is more restrictive and, therefore, conservative. Since the analysis primarily
focuses on the behavior of the cylindrical section of the vessel, this simplification does not
compromise the validity or relevance of the results.
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(a) (b)

Figure 5.2: Boundary conditions applied to the complete geometry. a) The left torispherical cap is fixed
at the interface with the bearing (highlighted region). b) The right cap is vertically constrained at the
center node (highlighted node).

The nodes located on the symmetry plane have constrained translation in the direction
normal to the plane —namely, the x-axis. Additionally, their rotations about the y- and
z-axes are restricted. All other translational and rotational degrees of freedom remain
unconstrained.

5.5 Loading scenarios

Each of the three effects was applied independently, analyzed individually, and then com-
bined into a coupled-effect simulation.

5.5.1 Pressure

A uniform internal pressure of P, = 2 MPa was applied. In the software, the Loap_ssELL sET
card was used, with the shell set encompassing all elements of the tank. The pressure
acts along the outer normal direction of each element.

5.5.2 Thermal

Temperature distribution is imposed with card +Loap TrErMaL var1ABLE NoDE by using the nodal
y coordinates to assign a temperature to each node according to the selected thermal
profile. The temperature is assumed independent of the x and z directions, accounting for
a uniform cooling distribution along the longitudinal axis. A Python script processes the
output mesh file, identifies the y coordinate of each node, and assigns the corresponding
temperature. The temperature distributions are described in detail in Section 3.3.
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5.5.3 Gravity

In the software, the xLoapsopy_y card was used. To represent the liquid filled up to a certain
height, the concept of “artificial density” partificiar Was introduced:

Pruvid Afuid + Psolid Asolid
Partificial = A . (51)
solid

The artificial density is evenly distributed, assuming the tank was filled to its mid-height.
It is important to note that when a tank is partially filled with water, the internal walls
and base are subjected to hydrostatic pressure, a pressure that increases linearly with
depth due to the weight of the liquid above each point. In FEA this hydrostatic loading
is typically modeled as a pressure distribution applied to the inner surfaces of the tank.
This approach accurately represents the true physical loading, as the gauge pressure is
zero at the water surface and reaches a maximum at the bottom, resulting in a triangular
or trapezoidal pressure profile on the tank walls.

Using an artificial density, where the density of the tank material is increased to account
for the water’s weight approximates the total vertical load but does not replicate the
actual distribution or direction of hydrostatic pressure. While this method simplifies the
model by converting the effect of the water into an equivalent self-weight, it neglects the
lateral pressure exerted by the liquid on the tank walls and the varying nature of the load
with depth. However, in FEA, this approximation can be appropriate when the interest
is in the global bending response due to the combined weight of the tank and water (as is
the current case), rather than the detailed local stresses from hydrostatic pressure. The
artificial density approach reduces modeling complexity and computational effort, making
it a practical choice for when computational resources are limited and even more, if the
effect of the gravity is expected to be low in comparison with other loadings present in
the system.
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6. Results: Comparison of Analyt-
ical and Numerical Models

A Python script was developed to implement and evaluate the analytical model equations.
As shown in Figure 6.1, the script defines a grid of points along both the longitudinal
and circumferential directions, where the analytical expressions are computed. In the nu-
merical FEA model, shell elements provide contour plots for the inner, middle, and outer
surfaces of the shell. For consistency, the outer layer values were selected for comparison.
A summary of the load cases, model types, load application methods, and the quantities
compared between the analytical and numerical models is provided in Table 6.1.

Normal Stress (MPa)
400

ré
133 Stress: -66 54 MPa

-133
222
-311

-400

Figure 6.1: Python interactive 3D plot of stress at nodes.

Table 6.1: Summary of analytical models and quantities for comparison with FEA results.

Load Case Model Load Application Kinematics Stress
Components
Prossure Shell Model ;l:)hillllltzﬁﬁd;fezi ifenk with closed caps subjected u oty Oipps T
Thermal Beam Model Euler-Bernoulli beam subjected to temperature v -
(Longitudinal) gradient in the vertical direction Y =
Thermal Planar Cross-section of thin cylinder, far from boundaries,
(Circumferential) Thermoelasticity subjected to temperature gradient in the - Opp
vertical direction
. Euler-B 1i j
Gravity Beam Model uler-Bernoulli beam subjected to " o

uniformly distributed load
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The base geometry described in Section 3.1 was derived from a demonstrator developed
within a European project and is representative of dimensions commonly used in industry.
In this study, two key parameters were varied to assess their influence on the structural
response. The first parameter was the length-to-diameter ratio, initially set to L/D =~ 3.
To investigate the influence of increased slenderness on the applicability of beam models,
an additional configuration with a length of 10 m and the same diameter of 0.66 m was
analyzed, resulting in L/D = 15.

The second parameter, related to material properties rather than geometry, was the stiff-
ness of the torispherical end caps. Two cases were considered: one with fully elastic
behavior using a Young’s modulus of 200 GPa, and another assuming perfectly rigid caps.
This variation aimed to examine how substituting the end caps with boundary conditions
affects the results. The use of rigid caps in the finite element analysis (FEA) enabled a
clearer assessment of this assumption.

While the present study focused on the aforementioned parameters, further variations
—particularly in geometry— could provide additional insights into the limitations of
the analytical models. For instance, the wall thickness was held constant throughout
the analysis. Exploring a range of thicknesses would help identify the validity limits
of the thin-shell assumption and determine the extent to which the shell model, which
inherently neglects radial stress, remains applicable. Moreover, investigating tanks with
shorter lengths could further elucidate the boundaries of the beam theory’s applicability.
Different geometrical configurations are likely to yield varying degrees of agreement with
the analytical solutions.

35



CHAPTER 6. RESULTS: COMPARISON OF ANALYTICAL AND NUMERICAL MODELS

6.1 Pressure

Figure 6.2 compares the radial displacement caused by internal pressure as obtained from
the analytical model and from two finite-element variants. The analytical curve starts
from zero at the weld seam, confirming that the clamped boundary condition has been
imposed correctly, whereas the numerical model with elastic torispherical heads begins at
about 0.088 mm because the cap flexibility allows a slight displacement on the weld seam.
The analytical solution reaches its maximum of 0.19 mm at 100 mm from the weld, while
the numerical prediction peaks at 0.196 mm and is shifted to 60 mm from the weld seam.

Farther along the cylinder, both curves converge toward a nearly constant displacement
of 0.18 mm analytically and 0.19 mm numerically. This convergence illustrates the atten-
uation of the edge-induced bending described in Section 4.1. To isolate the influence of
cap compliance, a second numerical simulation was performed using perfectly rigid heads.
As anticipated, the displacement at the weld drops to zero, and the peak as well as the
stabilized region closely match the analytical prediction. This confirms that the kinematic
discrepancy between the analytical and numerical models originates primarily from the
compliance of the caps.
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Figure 6.2: Radial displacement u,. due to internal pressure: analytical solution and finite-element models
with compliant and rigid torispherical heads.

Since the pressure load case is axisymmetric, the stress results are presented as 2D plots
rather than 3D contour plots, as this representation facilitates a more precise quantitative
comparison of stress levels between the analytical and numerical models.
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6.1.1 Longitudinal Stress

The longitudinal stress distribution in the outer layer predicted by the analytical and
numerical models is plotted along the axial coordinate in Figure 6.3. Part (a) shows the
global response of the cylindrical shell: both curves converge to 65.5 MPa, in excellent
agreement with the classical thin-walled-vessel expression ¢,, = PR,,/(2h) for regions
sufficiently far from the head-shell junction [44]. The profile is nearly symmetric about
the mid-span.

Part (b) enlarges the vicinity of the weld seam. When the finite-element model retains the
actual stifness of the torispherical heads, it predicts an initial tensile stress of 100 MPa,
which decays to 65.5 MPa within 0.15m. The analytical solution, however, begins at a
compressive value of —136 MPa, rises to a tensile peak of 107 MPa at 0.05m, and then
approaches the same nominal stress. This discrepancy is attributed to the compliance
of the heads. When the heads are idealized as rigid in the numerical model, the trend
approaches the analytical prediction, yet the numerical solution still underestimates the
compressive stress at the weld: the rigid-cap model yields —32.5 MPa at the junction,
climbs to 90 MPa at 0.05m, and stabilizes at 65.5 MPa by 0.15m.

A /

-100 —— 0, Analytical —— 0, Analytical
0, FEA Elastic Caps « 0 FEA Elastic Caps
0, FEA Rigid Caps « 0, FEA Rigid Caps
0.00 025 050 075 1.00 125 150 1.75 200 0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
z[m] z[m]
(a) (b)

Figure 6.3: Longitudinal stress o, along the cylinder under internal pressure. (a) Global distribution
showing both analytical and finite-element results. (b) Enlarged view of the boundary.

The stresses presented thus far correspond to the external layer of the shell wall. According
to Eq. (4.17), the stresses due to internal pressure are defined by the superposition of
a constant membrane component and a linearly varying bending component. Because
the bending component changes sign across the thickness, the resulting stress near the
boundary changes. At the outer surface, membrane and bending stresses add, producing
the maximum compressive value. At the mid-surface the bending term vanishes, so the
stress reduces to the membrane value, which is the uniform stress observed far from the
head-shell junction. At the inner surface the bending term reverses sign, turning the
boundary stress from compression to tension. As the membrane component is thickness-
independent and the steepest stress gradients occur at the outer surface, the remainder
of the analysis focuses on that layer of the vessel wall.
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6.1.2 Circumferential Stress

The circumferential stress distribution in the outer layer, obtained from both the ana-
lytical formulation and the finite-element model, is plotted against the axial coordin-
ate in Figure 6.4. Figure 6.4(a) shows the global response of the cylindrical shell: the
two predictions converge to 131 MPa, matching the classical thin-walled-vessel formula
0,o = PR,,/h for regions sufficiently far from the head-shell junction [44]. The trend
mirrors that of the longitudinal stress, with pronounced peaks near the heads, a uniform
plateau in the mid-span, and symmetry about the shells mid-length.

Figure 6.4(b) enlarges the stress field in the vicinity of the weld seam. When the finite-
element model preserves the actual flexibility of the torispherical heads, the circumferen-
tial stress starts at 89 MPa (tension), rises to a peak of 140 MPa within 0.05m, and then
decays to the membrane value of 131 MPa at about 0.15m. The analytical solution begins
at a much lower tensile level of 20 MPa, reaches its maximum of 135 MPa around 0.09 m,
and ultimately converges to the same nominal stress. This discrepancy is attributed to
the compliance of the heads. Idealising the heads as rigid in the numerical model brings
the prediction closer to the analytical trend, although it now underestimates the tensile
stress at the seam, even producing a slight compressive value of —8.4 MPa. From this
point the stress climbs rapidly to 136 MPa at 0.09 m and stabilises at 131 MPa by 0.15m.
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Figure 6.4: Circumferential stress o, along the cylinder under internal pressure. (a) Global distribution
showing both analytical and finite-element results. (b) Enlarged view of the boundary.

The only substantive discrepancies between the elastic-cap simulation and the analyt-
ical solution are therefore traced to the extra flexibility of the real torispherical heads,
which alleviates the boundary-induced zone while leaving the global membrane response
unchanged.
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6.1.3 Stress Tensor

In practical applications, the radial (through-thickness) stress component corresponds
to the normal stress induced by the internal pressure. However, within the shell theory
framework, this radial stress is considered to be zero. In contrast, the in-plane shear stress,
expressed by Eq. (4.18), does not necesarily vanishes, and it is presented in Figure 6.5.

When the torispherical heads are represented with their actual stiffness, the finite-element
model predicts a peak shear of 1.2 MPa at the weld seam; the magnitude drops to zero
at the cylinder mid-span, and the distribution is antisymmetric about that midplane.
By contrast, both the closed-form (analytical) solution and the finite-element model with
idealised rigid heads give the same profile, peaking at 10 MPa in the left head and —10 MPa
in the right head before vanishing once the edge effect has decayed. The difference between
the two numerical solutions therefore stems from the additional compliance introduced
by the real heads, an effect neglected in the analytical formulation.
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Figure 6.5: Shear stress 7., along the cylinder under internal pressure. (a) Global distribution showing
both analytical and finite-element results. (b) Enlarged view of the boundary.

While the analytical model reproduces the stresses accurately in regions remote from the
boundaries, it over-predicts the local peaks obtained with elastic caps: it yields compress-
ive longitudinal stresses where the compliant-head model shows tension, underestimates
the tensile hoop stress at the weld, and overstates the shear by nearly an order of mag-
nitude. Because these shear stresses are two orders of magnitude smaller than the corres-
ponding circumferential and longitudinal components, the components of the analytical
stress tensor may be simplified to

Opp Tor Tox 0pp 0 0 Opp 0 0

analytical ~

o-presgure = | Tr¢ Orr Trz| = 0 o 7| = 0 0 0. (6.1)
Top Tar Ozz 0 7. 0 0 0 o,
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6.2 Thermal

6.2.1 Longitudinal Stress

Figure 6.6 shows the vertical displacement field u, that develops under the temperature
gradient A. Finite-element results obtained with elastic torispherical heads (Figure 6.6a)
reveal a marked variation over the cross-section: the mid-height line deflects by about
3.2mm, the bottom fibre by 1.6 mm, and the top fibre by only 0.75mm. The cross-
sectional average peaks near 3.0mm. Because such behaviour is driven by local shell
distortion rather than by bending of the centroidal axis, it cannot be reproduced by a
classical Fuler-Bernoulli beam model. The cross-section deformation is recognized with
the deformed shape of the tank.

Although the left end of the numerical model is formally clamped, the overall deflected
shape is close to parabolic, as if the cylinder were simply supported at both ends. Guided
by this observation, a simply-supported /simply-supported (SS-SS) analytical beam model
was introduced. It predicts both the magnitude and the longitudinal position of the
average cross-section displacements far better than the original clamped /simply-supported
(C-SS) model, yet it still fails to capture the large spread between the top and bottom
fibres because it neglects cross-section warping.

To isolate the influence of end-cap flexibility, a second simulation was performed with
perfectly rigid torispherical heads. In this case the displacement at the left end drops to
zero, the global curvature is in better agreement with the C-SS analytical solution, and
the overall amplitudes decrease. The cross-sectional spread is reduced but still present,
so the response approaches that of a classical beam in which deformation follows the
centreline. This is supported as well by the deformed shape of the tank. The comparison
confirms that the compliance of the torispherical heads effectively transforms the nominal
clamp into a simple support and amplifies the role of shell distortion.

Having established that the vessel global behavior can be approximated as a simply sup-
ported beam, the longitudinal-stress comparison can be restricted to the FEA results and
the simply-supported/ simply-supported (SS-SS) analytical solution.

Figure 6.7 presents the axial stress distribution o,, along the cylindrical section of the
2m tank equipped with elastic heads. The results exhibit a distinct stress peak near the
temperature transition region. As discussed in Section 4.2.1, this behavior is character-
istic of Temperature Profile A. The step-wise change in temperature difference (AT) at
mid-height —specifically, AT = 0 above the interface and AT = —220 K below— in-
duces a discontinuity in the elastic strain (see Eq. (4.21)), and consequently in the stress
distribution. This discontinuity arises from the mismatch between the thermally induced
strain and the total strain governed by beam kinematics.
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Figure 6.6: Vertical displacement u, under thermal loading: finite-element results with a) normally
stiff and b) rigid heads compared with clamped-simply-supported (C-SS) and simply-supported-simply-
supported (SS-SS) analytical beam models. The undeformed outline is shown in black; deformations are
magnified 20 for clarity.

Focusing at the midspan z = 1000 mm, the results of the FEA model give a tension of
25 MPa at the crown, compression of —213 MPa just above the temperature interface,
tension of 216 MPa just below the interface in the cold zone, and mild compression of
—30 MPa at the keel. This sequence of tension, compression, tension, compression from
top to bottom of the cross section persists almost unchanged over the full length, only
attenuating slightly near the boundaries. The stress pattern, better appreciated in Figure
6.8, becomes clear by inspecting Eq. (4.22). The mid-plane strain &g is negative (reflecting
overall contraction during cooldown), and uniform across the section because there is no
net axial force. The curvature x is negative (the shell arches upward) and constant because
the SS-SS supports carry zero bending moment.
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First, in the crown, y is largest and positive. The term —kxy is therefore strongly positive
and outweighs the negative g, giving a net tensile elastic strain despite the contraction
of the mid-plane. Physically, this means that the tension on the top fibers due to the
concave downward shape outweighs the contraction of the midplane due to the overall
cooling down.

Following with the warm mid-height region (just above the interface), where y &~ 0, the
stress is governed almost entirely by ey, hence strongly compressive. Next, at the cold
mid-height (just below the interface), the local temperature drop AT is large and negative.
If this zone were free to deform, it would contract more than the mid-plane, so the internal
constraint (continuity between the material) produces a tensile stress.

Finally, at the keel, the component ¢y — Ky is now most negative, which means that the
fibers in the lower bottom are mostly in compression due to the deformed final shape of
the tank. Part of the compression is explained by the thermal contraction, so this gives
a low (but still compressive) elastic stress.

Contour Plot 1: LS-DYNA keyword deck by LS-PrePost
Stress(zZ, Upper) Loadcase 1: Time = 4.999646 : Frame 6
Analysis system
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Figure 6.7: Numerical longitudinal stress o, under step-wise thermal gradient (tank with normally stiff
heads).

As seen in Figure 6.8, the SS-SS analytical prediction reproduces this profile very well.
Because the SS-SS beam solution delivers an identical stress distribution at every cross-
section, the analytical curve is independent of z, which is consistent with the minor axial
variation seen in the FEA. The mid-height values match closely: —215 MPa just above and
215 MPa just below the temperature step. At the crown and keel the analytical stresses
are 63 MPa and —63 MPa, higher values than those predicted by the original FEA. Tt
can also be observed that, as we move away from the mid-height, either upwards or
downwards, a discrepancy emerges between the stress values obtained from the 2m tank
simulation and those predicted by the analytical model. These differences are attributed
to cross-sectional warping, as previously discussed in relation to the vertical displacement
curves, or to the influence of boundary conditions near the ends of the cylinder.
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Figure 6.8: Longitudinal stress o,. as a function of the height for numerical 2m and 10m tanks, and
analytical model. Stress at the midspan z=1000mm.

To investigate whether the crown and keel discrepancies arise from the modest length-
to-diameter ratio (L/D = 3) of the original tank, a numerical simulation was conducted
with an extended cylindrical section of 10m, yielding a length-to-diameter ratio of ap-
proximately 15. The resulting vertical displacements of crown, mid-height, keel, and
cross-sectional average are plotted in Figure 6.9. At first glance the longer shell exhib-
its an almost uniform deflection over the cross-section, in keeping with classical beam
theory. A closer look shows that the residual spread between crown and keel remains
on the order of 2mm to 3 mm, slightly smaller than for the short tank (Figure 6.6) but
now negligible when viewed against the 10 m span. Consequently, the simply supported-
simply supported (SS-SS) analytical model reproduces the overall bending profile with
high fidelity.

Figure 6.8 presents as well the longitudinal stress taken at mid-span of the 10 m tank. The
distribution is now essentially antisymmetric: 59 MPa tension at the crown, —210 MPa
compression just above the temperature step, 212 MPa tension just below it, and —61 MPa
compression at the keel. These values agree closely with the SS-SS analytical prediction
in Figure 6.8, whose stress field is independent of the axial coordinate.

The comparison confirms that the earlier discrepancies for the 2m tank originate from
local cross-section deformation that violates the plane-sections assumption of Euler-Bernoulli
theory. When the length is increased, cross-section warping vanishes and the analytical
model captures both displacement and stress with accuracy.
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Figure 6.9: Vertical displacement field u, for a 10 m-long cylinder under the same thermal loading.

6.2.2 Circumferential Stress

Temperature Distribution A

Temperature profile A (see Section 4.2.2) was expanded using fourier series and the coef-
ficients n = 0,1 were selected in order to obtain an expression matching the with Eq.
(4.30) structure. Because the temperature is uniform through the wall, inner and outer
amplitudes are identical, giving T; = T, = 190°C, B} = BY = —140 °C, and due to the
symmetry about the ¢ = 0 axis, D] = D{ = 0.

Figure 6.10 shows the corresponding analytical circumferential stress at the outer layer
and focusing only on the midspan cross-section. The solution is antisymmetric, peaking
at 3 MPa tension at the crown and —3 MPa compression at the keel, with the mid-height
essentially unstressed.

Finite-element results plotted in Figure 6.11a show a significant discrepancy in both mag-
nitude and pattern: the 2m cylinder exhibits a tensile peak of 48.5 MPa and a compressive
minimum of —47.2 MPa, with the locations of tension and compression zones shifted rel-
ative to the analytical solution. Two main factors may account for this mismatch. First,
the low length-to-diameter ratio (L/D = 3) makes the stress field highly sensitive to
boundary conditions, whereas the analytical model is based on plane thermoelasticity
and assumes an infinitely long shell, neglecting boundary effects. Second, the analytical
model does not account for the bending component induced by the vertical temperature
gradient, which also influences the hoop stress distribution.

44



CHAPTER 6. RESULTS: COMPARISON OF ANALYTICAL AND NUMERICAL MODELS

' : 2.0
15
1.0
0.5
0.0
-05
-1.0
-15
2.0
-25
-3.0

Figure 6.10: Analytical circumferential stress o, for temperature profile A.
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Figure 6.11: Numerical circumferential stress o, for temperature profile A. Left: 2m cylinder. Right:
10m cylinder.

To attenuate edge influences the cylindrical length was increased to 10 m. As Figure 6.11b
shows, the peak circumferential stress now falls to about —5 MPa, i.e. the same order of
magnitude predicted by the analytical model. Nevertheless, the spatial distribution still
differs: the keel experiences the largest compression, the flanks switch to mild tension,
and the crown returns to a small compressive value. Even though the cylinder length
was extended to minimize boundary effects, bending remains present due to the physical
continuity of the structure. Meaning, the midspan is not isolated from the rest of the
cylinder.

This bending behavior violates the plane-stress assumptions underlying the analytical
derivation of the analytical circumferential stress. To investigate this effect, an experiment
was conducted in which the coefficient of thermal expansion in the longitudinal direction
(z) was artificially set to zero. With this modification, the midspan of the 10 m long tank
not only exhibited stress magnitudes comparable to those predicted by the analytical
model, but also replicated its antisymmetric spatial distribution: tensile stress at the top
and compressive stress at the bottom. This confirms that constraining thermal expansion
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in the longitudinal direction suppresses bending, allowing the stress state to align more
closely with the plane-stress assumption.

Temperature Distribution B

Profile B (Section 3.3) is a smoother linear gradient. The previously explained procedure
yields T; = T, = 190°C and B} = B = —90 °C, with D} = Dy = 0. The analytical
circumferential stress, plotted in Figure 6.12, is antisymmetric and very small, reaching
only £2.0 MPa. With the same profile applied to the 2m cylinder the numerical solution
in Figure 6.13a is similar to the analytical stress distribution and the values drop to
+1.4 MPa —one order of magnitude lower than for the step-wise gradient (Profile A) and
in excellent agreement with the analytical scale. The 10 m cylinder (Figure 6.13b) yields
virtually the same result: compression at the keel, zero stress at mid-height, and tension
at the crown, again limited to about +1.4 MPa.

The previously observed discrepancies can thus be attributed to bending effects, which
were amplified by the artificially sharp temperature step assumed in Profile A. When a
more realistic, smoothly varying thermal gradient is employed, the influence of thermal
bending on the hoop stress becomes negligible. Under these conditions, the assumptions
of the two-dimensional thermoelasticity solution remain valid, and the finite element and
analytical results show reasonable agreement. Nevertheless, this analysis also reveals
that with a smoother and less idealized temperature distribution, the thermally induced
hoop stresses are approximately two orders of magnitude smaller than those generated by
internal pressure.
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Figure 6.12: Analytical circumferential stress o, for temperature profile B.
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Figure 6.13: Numerical circumferential stress o, for temperature profile B: Left: 2m cylinder. Right:
10m cylinder.

6.2.3 Stress Tensor

The thermal longitudinal stress was reasonably well predicted by the beam model. In
contrast, the analytical prediction of the hoop stress is valid only when the assumptions
underlying its derivation are approximately satisfied. One key assumption —the plane
stress condition— is not applicable in the case of the 2m tank with temperature profile
A. Even at midspan, the influence of both boundary and bending effects remains evident.
Additionally, the radial and shear stress components are negligible (not shown for brevity).
For these reasons, the chosen analytical thermal stress tensor will be reduced to a single
non-zero component in the longitudinal direction.

) Opp Tor Toz Opp 0 0 00 0
U?}rll:izfial = | Tre Orr Trz| = 0 0 0 ~ |0 0 0 (62)
Top Tar Oz 0 0 o, 0 0 o,

6.3 Gravity

As established in Section 6.2, the vessels overall flexure is governed by a simply supported
behaviour. The kinematic discussion given earlier therefore applies and is not repeated
here. Figure 6.14 presents the longitudinal normal stress obtained from the finite-element
model, while Figure 6.15 shows the corresponding simply-supported analytical prediction.
The agreement is appropriate: the crown is in compression and the keel in tension, the
mid-height is stress-free, and the profiles are nearly symmetric about mid-span.

Quantitatively, the analytical solution gives a peak tension of 1.43 MPa at z = 1000 mm;
the numerical model yields 1.50 MPa at z = 1050 mm. At the weld seams the analytical
stresses (+0.41 MPa) are slightly lower than the numerical values (£0.61 MPa), but the
antisymmetric pattern is preserved.
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Figure 6.14: Normal stress o,, due to effect of gravity: Numerical Model.

Normal Stress (MPa)
150

- ’s
Longitudinal Coordinate [m]

Figure 6.15: Normal stress 0., due to effect of gravity: Analytical Model.

6.3.1 Stress Tensor

Because these gravity-induced stresses are one to two orders of magnitude smaller than
those produced by internal pressure or by thermal gradients (Sections 6.1 and 6.2), the
gravitational contribution will be omitted from the combined stress state.

Ove Taoy Taz 0 O 0 0 0 0
et = Ty Oy T | =0 0 7| = [0 00 (6.3)
Tox Tay Oz 0 Ty 0. 0 0O
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6.4 Superimposition of Loads

Because Section 6.3 showed that gravity-induced stresses are two orders of magnitude
lower than those from pressure or temperature, only the pressure and thermal contribu-
tions are retained. Since all pertinent stress components are already expressed in the same
cylindrical coordinate system, the analytical combined thermo-mechanical stress state can
be written as

0o 0 0 00 0 00 0
U?E:ii:é(rﬁéchanical = 0 0 0 + 00 0 + 00 0f. (64)
0 0 o, 0 0 o, 0 00
prezgure th;rrrnal gr;\;ty

Applying Eq. (2.10) to this tensor yields the von Mises equivalent stress. Figure 6.16
presents the distribution for the coupled finite-element model, and Figure 6.17 shows the
coupled analytical prediction.

The numerical model attains a peak von Mises stress of 345 MPa at the left weld seam on
the mid-height line where the temperature jump is. The stresses are shown to maintain
highest close to the temperature transition zone, and attenuate near the crown and keel
of the tank.

The analytical solution captures this global behavior, but displays two local maxima near
the boundary: 359 MPa on the left weld seam z = Omm, at a height just above the
temperature interface, and 288 MPa about 70 mm away from the weld seam, in the lower
side of the temperature interface.

The first local maximum occurs at the upper weld seam, where the stress reaches 359 MPa.
Axisymmetric-pressure analysis (Figure 6.3) over-predicts compressive longitudinal stress
right at the clamp; the thermal field is also compressive in the upper half. Their algebraic
combination therefore drives total longitudinal stress high, which drives von Mises stress
to a higher value that does not appear in the finite-element result, where cap flexibility
moderates the clamp reaction. The difference is not higher since the circumferential
stress near the clamp on the numerical model is much higher than the one predicted
by the analytical model, which then compensates for the previous longitudinal stress
overestimation.

The second peak appears approximately 70 mm from the weld seam, reaching 288 MPa.
At this distance, the bending moment from the clamp changes sign: the pressure solution
is tensile, and the thermal longitudinal stress is tensile below the interface, so both rein-
force each other. This peak matches more closely in magnitude to the value of 265 MPa
experienced by the numerical model at this location.
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Figure 6.16: Von Mises stress oy s due to combined pressure and thermal loading: complete numerical
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Figure 6.17: Von Mises stress oy s due to combined pressure and thermal loading: analytical model.

To eliminate boundary effects from the analysis, attention is focused on the midspan region
of the vessel. Figure 6.18 compares the von Mises stress distributions obtained from the
analytical and numerical models at midspan. The analytical model predicts a peak stress
of 245 MPa, while the numerical simulation yields a slightly higher peak of 248 MPa. The
corresponding minimum stress values are 107 MPa and 113 MPa, respectively.

It is evident that both models exhibit increasing agreement as one approaches the mid-
height of the cross-section. This is particularly significant, as the regions near mid-height
are where the maximum stresses occur, meaning the analytical model provides reasonable
predictions in the most critical areas. Conversely, deviations become more pronounced
toward the crown and keel. These discrepancies are primarily attributed to two factors:
(1) warping of the cross-section, where the top and bottom fibers exhibit different dis-
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placements, and (2) the influence of boundary conditions that introduce localized three-
dimensional effects not captured by beam theory.

The figure also highlights a key distinction: the SS-SS analytical model exhibits a per-
fectly symmetric von Mises stress distribution with respect to the mid-height, whereas the
numerical model —while nearly symmetric— shows slight asymmetries near the crown
and keel. This asymmetry further underscores the impact of localized three-dimensional
effects. Overall, once edge-induced deviations are excluded, the coupled analytical for-
mulation demonstrates good agreement with the finite element results in the regions of
primary interest.
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Figure 6.18: von Mises stress oy s for combined loading at the midspan: numerical and analytical model.
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6.5 Summary of stress components

Table 6.2 provides a summary of the main stress quantities compared between the ana-
lytical and numerical models. It begins with a comparison at the midspan and midheight.
It is important to note that the results for the pressure model are axisymmetric, meaning
that the vertical position does not influence the stress distribution. The midheight was
selected as the reference location for the table, as it exhibits the higher stresses for the
thermal longitudinal model. For the gravity load case, the stress is zero at the midspan-
midheight location, which is therefore chosen as a natural reference point.

Regarding the extreme values (i.e., absolute maximum stresses), it is important to high-
light that these may occur at different locations along the tank, either longitudinally or
vertically. The specific positions of these maxima are discussed in detail within each cor-
responding subsection. The purpose of the table is to provide a global overview of the
maximum stress values to help guide the reader through the key results.

Table 6.2: Comparison between FEA and analytical results at midspan-midheight and at maximum
locations (all values in MPa).

Load Case Model Quantity FEA Analytical Difference
Result Result

Midspan - Midheight

Pressure Shell Model o, 65.5 65 0.5
Ty 131 131 0
O 0 0 0
Thermal Longitudinal Beam Model o,, 216 215 1
Thermal Circumferential Shell Model o, 0 0 0
Gravity Beam Model o, 0 0 0.07
Superimposed ovm 248 245 3

Extreme - Location Independent

Pressure Shell Model o, 100 -136 236
o P 140 135 5
O 1.2 10 8.8
Thermal Longitudinal Beam Model o, 216 215 1
Thermal Circumferential Shell Model o, -47.2 -5 42.2
Gravity Beam Model o, 1.5 1.43 0.07
Superimposed ovMm 345 359 14

52



CHAPTER 7. CONCLUSION

7. Conclusion

This thesis investigated the accuracy and applicability of simplified analytical models
for predicting the thermo-structural response of a cryogenic pressure vessel during the
cooldown phase. The central research question was: Can analytical models predict the
spatial variation and peak stress wvalues that develop during the cooldown of cryogenic
tanks with sufficient accuracy for preliminary design purposes?

To address this question, a reduced-order analytical model was developed and bench-
marked against detailed finite element analyses (FEA) using shell elements. The refer-
ence geometry corresponds to a stainless-steel cylinder with torispherical heads, based on
the demonstrator from the Horizon Europe project ALRIGH2T. The load case included
internal pressure, vertical temperature stratification, and self-weight. All materials were
idealised as linear-elastic and temperature-independent.

The analytical shell model proved capable of accurately predicting both circumferen-
tial and longitudinal stresses arising from internal pressure. In the mid-span region
—sufficiently far from boundary effects— the discrepancy between the analytical and
numerical results was less than 1%. At the boundaries, the analytical model yielded
conservative stress predictions, a result attributed to the replacement of the elastic tori-
spherical caps with idealised constraints that artificially increased the local stiffness of the
model. For instance, the analytical model predicted a peak stress of —136 MPa compared
to the FEA result of 130 MPa.

Under thermal loading from a vertical temperature gradient, the beam model effectively
captured the longitudinal thermal stresses. Using an idealised step-wise temperature pro-
file, it successfully reproduced the four-zone axial stress distribution observed in the FEA.
However, the model did not account for cross-sectional warping effects, which become sig-
nificant in cylinders with moderate length-to-diameter ratios. This limitation accounts
for the discrepancies observed between the analytical and numerical stress predictions at
the keel and crown of the tank. Nevertheless, the maximum longitudinal thermal stress,
found at the mid-span and mid-height, was captured with accuracy, showing a deviation
of only 1 MPa from the numerical result.

For the vertical temperature gradient, the results indicate that the 2D thermoelastic ana-
lytical model is not suitable for predicting the circumferential stress in the present case
study. Even at the tank’s mid-span —the intended region of applicability for the model—
the fundamental assumption of plane stress is violated. As a result, the analytical predic-
tions are not representative of the actual stress state. The mid-span region experiences
thermally induced bending effects that significantly influence the circumferential stress
distribution, and these are not captured by the simplified model.
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Additionally, the analyses show that although the beam model accurately estimates
stresses arising from gravity, the maximum value remains below 2 MPa. This contribu-
tion is therefore negligible compared to the stress levels induced by pressure and thermal
loads. In summary, the models deemed applicable for predicting the superimposed stress
state were the shell model, used to estimate both longitudinal and circumferential stresses
under internal pressure, and the beam model, which provided reasonable predictions of
longitudinal thermal stresses.

Under combined pressure and thermal loading, the coupled analytical formulation matched
the mid-span von Mises stress to within 1% of the numerical reference (FEA: 248 MPa,
analytical: 245 MPa). At the weld seams, where the global maximum occurs, the ana-
lytical model yielded a conservative estimate of 359 MPa, compared to the FEA result of
345 MPa.

These findings confirm that the analytical models developed in this work are capable of
capturing the stress distribution and peak values with an accuracy that meets the require-
ments of preliminary design. The conservative overestimation at structural discontinuities
such as weld seams is acceptable at this design stage. Overall, the analytical approach
provides a fast and sufficiently accurate method for early-stage structural assessment of
cryogenic vessels subject to cooldown conditions.

Naturally, the scope of the study was limited. Linear elasticity and temperature-independent
properties ignore the stiffening that stainless steels experiences as temperature decreases.
Axisymmetric pressure and purely vertical temperature gradients neglect sloshing, cir-
cumferential stratification, and radial conduction. Cross-section warping and shear de-
formation were omitted, although their influence becomes non-trivial for very short or
thick-walled vessels. Finally, the analysis was quasi-static; fatigue and transient fill-drain
cycles remain unaddressed.

From a geometrical standpoint, the base configuration reflects dimensions representative
of industrial practice. Two primary parameters were varied to assess their impact on the
structural response. First, the length-to-diameter ratio, which was increased from 3 to
15 to examine the validity of beam theory for slender tanks. Second, the stiffness of the
torispherical end caps, comparing elastic behavior to an idealized perfectly rigid condition,
to evaluate the influence of boundary condition modeling. While these variations provided
valuable insights, further parametric studies, such as varying wall thickness or analyzing
tanks with lower slenderness ratios, would help clarify the applicability limits of thin-shell
and beam models. Different geometrical configurations are expected to exhibit varying
degrees of agreement with analytical formulations, thus highlighting the importance of
model selection in the context of design accuracy.

Building on the present foundation, future work could (i) incorporate torispherical-head
compliance directly, perhaps through boundary-layer superposition or shell-of-revolution
theory; (ii) introduce temperature-dependent material data and extend the solver to
elastoplastic regimes validated against cryogenic experiments; (iii) couple the stress formu-
lation with one-dimensional transient heat-transfer models to predict the full cool-down
history rather than the worst extremes; (iv) instrument a full-scale demonstrator -such as
the ALRIGH2T vessel- and compare measured strains with the rapid solver.
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